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» Econometrics: panel data prediction and
inference (Amjad et al., 2018; Athey et al.,
2021)

» Recommender system: collaborative filtering
(Rennie and Srebro, 2005)

» Bioinformatics: gene-disease association
(Natarajan and Dhillon, 2014)
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Point completion

» Noisy and incomplete observation:

M;; = M;; + noise (i,7) € Q C [dq] % [dg]

> Point estimation: estimate M™* (with low complexity)

o Convex optimization: Candes and Plan (2010); Negahban and Wainwright (2012); Koltchinskii
et al. (2011); Chen et al. (2020); ...

@ nonconvex optimization: Keshavan et al. (2010); Ma et al. (2020); ...

> Point prediction: predict stochastic entries M;; for (4,j) € ¢ (Srebro and Shraibman, 2005;
Foygel and Srebro, 2011); ...
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Success of model-based matrix completion

» Model assumptions
o Low-rank matrix: rank(M*) =r = O(1)
e Random sampling: P((7,7) € Q) = p independently
e Random i.i.d. sub-Gaussian noise

o Incoherent and well-conditioned
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Success of model-based matrix completion

» Model assumptions
o Low-rank matrix: rank(M*) =r = O(1)
e Random sampling: P((7,7) € Q) = p independently
e Random i.i.d. sub-Gaussian noise

o Incoherent and well-conditioned

Minimax rate

IM —M*||g < o+/n/p

» Computational limit: Chen et al. (2020)
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From points to intervals

» Confidence in the point completion?

» What if the model is wrong?
How can we quantify the uncertainty in completed entries?

Construct a confidence interval C(i, j) for each (7, 7) € Q° such that

P(M; € C(i,5)) ~1—a
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Model-based inference is feasible

» Asymptotic distribution (Chen et al., 2019)
]/\Z'ij - M;; ~ N(O)H’?j)

where 07, = (0%/p) (U4 |I> + |V, [[?) and M* = UZVT
» Asymptotically valid (1 — a)-confidence interval for M,

C*(i,j) = M;; £ q1—a/2§ij

» Asymptotically valid (1 — a)-confidence interval for M;;

C(%J) = Mij + ql—a/2 \/ é\?j + 82
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Question: Is distribution-free inference possible? )
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Distribution-free inference

» Free of model assumptions on the underlying matrix M
» Free of requirement of estimation algorithms

» Finite-sample guarantee?
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A detour: conformal prediction

» Any distribution Px y (completely unknown)
» {(X;,Y:)}i<n+1 ~ Px,y are exchangeable with unobserved Y;,14

Finite-sample validity

Construct marginal confidence intervals any a € (0, 1)

P(Yn+1 € Cl—a(Xn-i-l)) > l-a
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Split conformal prediction

» Split dataset into a training set and a calibration set Dea) = {(X;, Yi) bi<n
» Prefit i : X — ) on the training set = nonconformity score R(x,y)
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Split conformal prediction

» Split dataset into a training set and a calibration set Dea) = {(X;, Yi) bi<n
» Prefit i : X — ) on the training set = nonconformity score R(x,y)
» Exchangeability of Dea U {(Xpnt1, Ynt1)}

1 n+1
(R(Xn+lyyn+1)}{R(Iivyi)}iSnJrl) ~ n_—l—l Z 5R(1'ivyi) J
i=1

o Calculate the quantile

1 R 1
q1—a = Quantile, (n—|—1 ;:1 OR(ws,yi) T+ n+15oo>
e Construct the prediction interval

Ci-a(Xn41) = {y t R(Xn41,y) < QI—a}
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Two ingredients of conformal prediction

» Exchangeable data {(X;,Y;)}i<ni1

» Symmetric algorithm A (not required in split conformal prediction)
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Two ingredients of conformal prediction

» Exchangeable data {(X;,Y;)}i<ni1

» Symmetric algorithm A (not required in split conformal prediction)

Question: What if {(X;,Y;)}i<n+1 are not exchangeable? How can we fix this? J
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CP under weighted exchangeability

» Weighted exchangeability
Definition ( )

Random variables {V;};<,+1 are said to be weighted exchangeable with weight functions
{w; }i<n+1 if the joint density can be factorized by

f(vla"' ,Un+1) = H wl(vl) 'g('vl?"' ;vn+1)

i<n+1

where g is any function that does not depend on the ordering of its inputs.

Gui, Barber, Ma (UChicago) CMC + iso-DRL October 10, 2026 13 /40



CP under weighted exchangeability

» If {Z; = (X;,Yi) }i<nt1 are weighted exchangeable with weight functions w;

{Rz0)

i<n+1

(REDirn |~ Y pla Zui)in) J

where p;'s are standardized weights

pi (2 Zng1) = 2oio(n+1)=i 1 lj<nt1 Wizo()
i \F1y "y An4l) = 7
2o HanJrl wj(%(j))
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CP under weighted exchangeability

» If {Z; = (X;,Yi) }i<nt1 are weighted exchangeable with weight functions w;

{Rz0)

i<n+1

(REDirn |~ Y pla Zui)in) J

where p;'s are standardized weights

Zo:a(n+1)=i ngn—i-l W (Za'(j))
Y HanJrl w;(20(j)) 7

Pz, 2ng) =

» Construct the prediction interval

Cr—a(Xnt1) = {yeY: R(Xpi1,y) <ai’ .}

with the threshold

qiufa = Quantﬂelfa Zp?(sR(Zl) +pﬁ+1500

i<n
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A special case: distribution shift

» Distribution shift
(XZ7}/Z) ~ P7 /L S [n} (Xn+17Yn+1) ~ Q

» Joint density

d d
ot zoen) = gl | T9PG) ) = o) = )
» Standardized weights
dQ
W, Zi Zq .
PE(21, s ong) = +1(20) _ dP(d22 i=1, n+1

2 j<nt1 Wnt1(z) > j<nt1 ab (z)
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Questions: Why is matrix completion special?
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Matrix completion under heterogeneous missingness

» Heterogeneous sampling: for a deterministic matrix M € R% %% we assume
Z;; = 1{(4, ) is observed} ~ Bern(p;;) independently
for all (’L,j) S [dl] X [dg] with Pij € (0,1)

Set of observed indices: S = {(i,j) : Z;; =1}
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Matrix completion under heterogeneous missingness

» Heterogeneous sampling: for a deterministic matrix M € R% %% we assume
Z;; = 1{(4, ) is observed} ~ Bern(p;;) independently
for all (i, ) € [di] x [d2] with p;; € (0,1)
Set of observed indices: S = {(i,j) : Z;; =1}

» Questions: Why is matrix completion special?

© How to apply data splitting to S into a training set S;r and a calibration set Sca1? How to
deal with the dependence between the two sets?
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Z;; = 1{(4, ) is observed} ~ Bern(p;;) independently
for all (i, ) € [di] x [d2] with p;; € (0,1)
Set of observed indices: S = {(i,j) : Z;; =1}

» Questions: Why is matrix completion special?

© How to apply data splitting to S into a training set S;r and a calibration set Sca1? How to
deal with the dependence between the two sets?

@ How to address the setting where ((i,5), M;;)'s are sampled without replacement?
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Matrix completion under heterogeneous missingness

» Heterogeneous sampling: for a deterministic matrix M € R% %% we assume
Z;; = 1{(4, ) is observed} ~ Bern(p;;) independently
for all (i, ) € [di] x [d2] with p;; € (0,1)
Set of observed indices: S = {(i,j) : Z;; =1}

» Questions: Why is matrix completion special?

© How to apply data splitting to S into a training set S;r and a calibration set Sca1? How to
deal with the dependence between the two sets?

@ How to address the setting where ((i,5), M;;)'s are sampled without replacement?

@ For any (is, j«) € 8¢, does weighted exchangeability hold for Sca1 U {(i+, j«)} conditioning on

Se?
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Data splitting

» For any pre-specified n € (0, 1), flip an unbalanced coin for each entry
W;j; ~ Bern(n).
» Split the observed set into S = Sy U Sear:

S = {(Z,]) eS: Wij = 1}, Scal = {(Z,]) eS: Wij = O}

v 00 0 Vv v 0 0 0 0 00 0 0 V

0 0 v v 0 0 0 0 v 0 00 v 0 0

v 0 0 v 0 = 0 0 0 0 |+ 00 0 v 0

0 0 v 0 0 0 0 0 0 0 00 v 0 0

v 0 0 v 0 v 0 0 v O 00 0 0 o0
Ms Msy, Ms_,
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Training-conditional weighted exchangeability

If (is,jx) | S ~ Unif(S°), it holds that
]P){(Z*Lj*) = (7/]“.7]6) | Scal U {(7/*7.7*)} = H(nca1+1)a8tr} = wikjky

where T0vea™) = £y 1), ... (4nout1, dnoys1)} is the unordered set and

Ry . . 1 —pij

Wi g, = ——r—— with odds ratios h;; = Pij
Tca1+1 h 9 -
k'=1 Ugt Jpet Dij

Gui, Barber, Ma (UChicago) CMC + iso-DRL October 10, 2026 18 /40



Training-conditional weighted exchangeability

If (ix,js) | S ~ Unif(8°), it holds that
P{(ix ju) = (iks ) | Scat U{(iw, )} = T¥D, S} = sy,

where 1%+ = L3y 51, ... (inoy 415 jneus1)} is the unordered set and

iy . . 1 —pij
W i = nca1+kl ;L ' with odds ratios h;; = o
&= ! Jk! o )
1—pi; d@Q . - o
hij = ———* = d?(iyj)? = dP(i,7) = pij, dQ(4,7) = 1 — pi;
Dij
M ¢ s DAL Octaber 10, 2026
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Training-conditional weighted exchangeability

If (iy,j2) | S ~ Unif(S°), it holds that
]P){(Z*,]*) = (Zk,]k) | Seal U {(Z*,]*)} = H(ncal+1)a8t1'} = Wigjp»

where 1%+ = L3y 51, ... (inoy 415 neus1)} is the unordered set and

hi, 1—pii
A kJk i i s = — 240
Wiy g, = ool P with odds ratios h;; = -
k=1 Vi Y
v
. shift .
P: sampled subpopulation = @Q: unsampled subpopulation
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Conformalized matrix competion (cmc)
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» With the training set Mg,

© Estimate M = (]\/J\l) using any matrix completion algorithm
@ Estimate P = (pij) using any one-bit matrix completion algorithm

© Calculate a local uncertainty estimate S = (5,;)
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Conformalized matrix competion (cmc)

v 0 0 0 Vv v 0O 0 0 0 0O 0 O 0 Vv
0o 0 v v 0 o 0 0 v o0 0O 0 v 0 0
v 0 0 v 0 = v 0O 0 0 o0 + o 0 o0 v o0
0O 0 v o0 0 0O 0 0 0 O 0 0 v 0 0
v 0 0 v 0 v o 0 v o0 0O 0 O 0 0
Ms Ms,, Msa
» With the calibration set Ms_,,
. M, —M;; ..
@ Calculate the nonconformity scores R;; = % (1,7) € Scal

ij
@ Calculate the weights for each (4, ) € Sca1 U {(ix,5+)}
Z(il7jl)gscal hi’j’ + hi*j*

1/1)\1‘]‘ =
@ Output C(ix, jx) = Mi,;, £ @i, j,5i,5, with
é\i*j* = Quantilel_a Z ﬁ)\ij(;Rij + 7177;*]'*500

(4,3) EScal
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Coverage guarantee

» Define the average coverage rate over the unsampled set

AvgCov(C: M, S) \SC| Z(” cse { ij € 6(2,])}

Conformalized matrix completion (cmc) satisfies

E[Angov(a; M,S)] >1—a—E[A]

» The coverage gap E[A] is defined with

1 _
A= > | W35 — wig

(4,7) €ScatU{(ix,7x)}
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Coverage gap

» Uniform sampling p;j =p = A =0
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Coverage gap

» Uniform sampling p;j =p = A =0
» Logistic missingness

log(pi;/(1 = pij)) = —log(hij) = ui +v;, uw'1=0

@ Consider the maximum likelihood estimate

u,v = argmax L(u,v) subject to u'1=0

u,v

Q Let py; = (1 +exp(—1; —v;))"", for which

[log(max{di,d2})
E[A] S min{dh dg}
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Coverage gap (continued)

» Missingness with a general link function

log(pij /(1 = pij)) = —log (hij) = ¢(Aij), rank(A) =Ek", [|Alle <7

@ Consider the maximum likelihood estimate

A= arg max Ls, (B) subject to ||B|l« < 7VEk*didz, [|Bllc < T

Q Let Ei]‘ = exp(—q&(.&j)), for which

E[A] < min{dy,dy}~/*
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Rossmann sales dataset?

» Daily sales (the unit is 1K dollar) of 1115 drug stores on workdays from Jan 1, 2013 to July

31, 2015
4
10",
0.15
10°
L]
i H 0.10
10
, 0.05
10 | |
0.00 .I Illlln.._,
0 200 400 600 800 0 10 20 30 40
(a) Singular values of the underlying matrix M. (b) Histogram of entries in M.

Ihttps://www.kaggle.com/c/rossmann-store-sales
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Well-specified missingness

» Settings of missingness
@ Homogeneous p;;: apply random masking 1 — Z;; ~ Bern(0.2) independently

1.00
4 —e— cmc-als
. 0.95 < — &l
Q090 - 23
5, g
= 0.85 o2 M
< Z
0.80 1
0.75 0
5 10 1520 25 30 35 40 45 50 55 60 5 10 1520 25 30 35 40 45 50 55 60
hypothesized rank hypothesized rank
als vs cmc-als: homogeneous missingness.
CMC + iso-DRL
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Well-specified missingness
» Settings of missingness
© Heterogeneous p;;: Draw p;;'s from

log(pij /(1 — pij)) = —log (hij) = ¢(Aij)

with rank(A) = 1 and estimate P via the constrained maximum likelihood estimator

1.00
4 —e— cmc-als
. 0.95 < —e— als
G o0 - §3
2085 52
< &
0.80

N

5 10 15 20 25 30 35 40 45 50 55 60

5 10 15 20 25 30 35 40 45 50 55 60
hypothesized rank

hypothesized rank
als vs cmc-als: logistic missingness.
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Misspecified missingness

» Settings of missingness

@ For weekdays, each entry is observed with p = 0.8
@ On weekends, each entry is observed with a lower probability, e.g. 0.8/3

© Randomly sample 200 stores, for which p = 0.8/3
» Use one-bit matrix completion with logistic link to estimate p;;

1.00
4 —e— cmc-als —o— als
. 095
S) &3
Q 0.9 I T R =
) Y ¥ v = [3)
> S 2 \_.q:"":
< <
0.85 1
0.80 0
5 15 25 35 45 55 5 15 25 35 45 55
hypothesized rank hypothesized rank
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Observations

» Worst-case theoretical guarantee has a coverage gap

1 -
EA]=E |5 > W5 — wij]
(1,5) €Sea1U{ (ix,4=)}

» When the sampling distribution is misspecified, a coverage gap is present in numerical
experiments
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Question: Can we overcome the misspecification of density ratio w*(x) = dﬁ:ﬁ (x) in
reweighting methods?
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An example in generic WCP

» Wine quality dataset?
» @ is estimated via logistic regression with 2% of data from each group

» Estimated density ratio can be biased under misspecification

1
o it

|

0.80 0.85 0.90 0.95 0 1 2
coverage rate average width

’https://archive.ics.uci.edu/dataset/186/wine+quality
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A conservative approach

» Conditional miscoverage rate as risk

Ra(X) =P(Y ¢ C1-a(X) [ X)

3Distributionally robust learning (DRL): Ben-Tal and Nemirovski (1998); El Ghaoui and Lebret (1997);
Blanchet and Murthy (2019); Duchi and Namkoong (2018); etc
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A conservative approach

» Conditional miscoverage rate as risk
Ra(X) =B(Y ¢ Ci_a(X) | X)
> A conservative upper bound?

Eptest [Ro(X)] < sup Eg[Rq(X)] aslongas P*'eQ
QeQ

3Distributionally robust learning (DRL): Ben-Tal and Nemirovski (1998); El Ghaoui and Lebret (1997);
Blanchet and Murthy (2019); Duchi and Namkoong (2018); etc
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A conservative approach

» Conditional miscoverage rate as risk
Ra(X) =B(Y ¢ Ci_a(X) | X)
> A conservative upper bound?

Eptest [Ro(X)] < sup Eg[Rq(X)] aslongas P*'eQ
QeQ

» Confidence level calibration (Cauchois et al., 2020; Ai and Ren, 2024): choose & such that

sup Eg[Rz(X)] < «
QeQ

3Distributionally robust learning (DRL): Ben-Tal and Nemirovski (1998); El Ghaoui and Lebret (1997);
Blanchet and Murthy (2019); Duchi and Namkoong (2018); etc
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Conservativeness of DR approach

Q={Q: Dxr(QI|P) < p}, p~ DxL(P*||P)

CP

WCP

DRL (o)

Gui, Barber, Ma (UChicago)
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coverage rate
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CMC + iso-DRL
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Misspecification of reweighting methods VS Overly pessimism of DRL

A middle ground?
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A motivating example

Fitted density ratio @ vs w* proxy: wine quality dataset

-
o

o

KDE-based log-density ratio

-5 0 5 10
Classification-based log-density ratio
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@ Approximately isotonic trend

KDE-based log-density ratio
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A motivating example

Fitted density ratio @ vs w* proxy: wine quality dataset

-
o

o

KDE-based log-density ratio

-5 0 5 10
Classification-based log-density ratio

Gui, Barber, Ma (UChicago)

@ Approximately isotonic trend

@ Under(Over)-represented regions in P*S* are
revealed by the under(over)-represented regions

in P

CMC + iso-DRL October 10, 2026
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DRL with shape constraints

» A fitted density ratio @ provides side information on the shape of w*
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DRL with shape constraints

» A fitted density ratio @ provides side information on the shape of w*
» Use the side information to construct an additional cone constraint

C}EO = {functions that are isotonic in W}
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DRL with shape constraints

» A fitted density ratio @ provides side information on the shape of w*
» Use the side information to construct an additional cone constraint

Cl%> = {functions that are isotonic in @}
» Confidence level calibration via iso-DRL: choose & such that
sup  Eqg[Rz(X)] <«

QeQ
dQ/dPeC3°
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iso-DRL vs DRL

o~ —Jl— }
B }
DRL (p) | )l }—.—1
iso-DRL (p) }—.—{ }l{
0.8 0.9 1.0

wcp |

0.0 25 5.0 7.5
coverage rate average width

Gui, Barber, Ma (UChicago) CMC + iso-DRL October 10, 2026 35/40



Results with varying p
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iso-DRL under general partial orders

» Under any fixed partial order < on X C R?, denote the set of isotonic functions by Ci*°
(closed and convex cone)
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iso-DRL under general partial orders

» Under any fixed partial order < on X C R?, denote the set of isotonic functions by Ci*°
(closed and convex cone)

» iso-DRL focuses on the worst-case risk

sup  Eq [R(X)]
QeQ
dQ/dPeci=®
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iso-DRL under general partial orders

» Under any fixed partial order < on X C R?, denote the set of isotonic functions by Ci*°
(closed and convex cone)

» iso-DRL focuses on the worst-case risk

sup  Eq [R(X)]
QeQ
dQ/dPeci=®

» Question:

o Properties of population excess risk: how to solve the cone-constrained optimization problem
in function space?

o Consistent finite-sample estimate?
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Properties of iso-DRL

» Equivalent formulation without cone constraints

sup  Eq [R(X)] = sup Eq [R™(X)]
QeQ QeQ
dQ/dPecC*®

» Plug-in estimate with noisy risks for iso-DRL is consistent and inconsistent for DRL (Gui
et al., 2024)

» iso-DRL is less sensitive to the choice of QO
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Open questions

» Extension to more general missingness: dependent sampling, block-wise missingness, ...
» Model-free confidence interval for the (effective) rank?

» Local coverage guarantee (conditioning on p;_ ;. )?

> .
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Thank you!

Papers
https://neurips.cc/virtual/2023/poster/72747
https://arxiv.org/abs/2407.06867

Project pages

https://github.com/yugjerry/conf-mc
https://github.com/yugjerry/iso-DRL
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