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What if test distribution # training distribution?




AN EXAMPLE: OBJECTNET!

ImageNet

Chairs

Chairs by
rotation

tBarbu et al. (2019)

Chairs by

background
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PERFORMANCE ON OBJECTNET
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How to quantify the out-of-sample performance?




STATISTICAL INFERENCE WITH DISTRIBUTION SHIFT

Ep[Ra(X)]<a  "=Z*  Epws[Ra(X)] =7




STATISTICAL INFERENCE WITH DISTRIBUTION SHIFT

Ptest P

Ep[Ra(X)] < o Eprest [Ro (X)] = ?

Example: hypothesis test for P € H, with data from Pt (Thams et al., 2023)

» Risk function
R, (X) = ¢a (X)

» Valid type-| error control with data from P

Pr(da(X)=1) <a < Ep[Ru(X)]<a



STATISTICAL INFERENCE WITH DISTRIBUTION SHIFT

Ptest P

Ep[Ro(X)] < o E prest [Ra(X)] = ?

A concrete example: predictive inference under covariate shift!

}(Vovk et al., 2005; Tibshirani et al., 2019).



STATISTICAL INFERENCE WITH DISTRIBUTION SHIFT

Ptcst P

Ep[Ra(X)] < o Eprest [Ro (X)] = ?

A concrete example: predictive inference under covariate shift!

» Prediction set 61_0, constructed with a dataset D drawn from P

» Risk function .
Ra(X) =P (Y ¢ Cl—a(X) | X)

» Conformal prediction €: validity when {(X,Y")} U D is exchangeable (implies X ~ P)

forany v € (0,1) P(Y ¢C1_o(X))<a <= Ep[R.(X)]<a

}(Vovk et al., 2005; Tibshirani et al., 2019).



REWEIGHTING METHODS

“Estimable” distribution shift



REWEIGHTING METHODS

“Estimable” distribution shift

dptest
dP

=N
Q




REWEIGHTING METHODS

“Estimable” distribution shift
» Covariate shiftf: choose 3

Epres [R(X)] = Ep | S (X)Rs(X) | ~ Ep[®(X)Rs(X)] < a

T(Sugiyama, 2011)



REWEIGHTING METHODS

“Estimable” distribution shift

» An example: missing at random (MAR)T
M e Ré1xdz M, ; is observed independently with probability p;; € (0, 1)

» S ={(i,j) : M, is observed} and (i, j.) | S ~ Unif(S°)

P((10d2) = (0030 | § U {(i0s32)} = {0 hinin ) = S TR
<n+1 g g

1 —pij
Dij

missingness = distribution shift between sampled and unsampled populations

importance sampling with “density ratio” =

TGui, Yu, Rina Barber, and Cong Ma. "Conformalized matrix completion.” Advances in Neural Information
Processing Systems 36 (2023): 4820-4844.



REWEIGHTING METHODS

“Estimable” distribution shift
» Covariate shift: choose 3

Eprest [Rg(X)] = Ep

dPtest



REWEIGHTING METHODS

“Estimable” distribution shift

» Covariate shift: choose

[ An inevitable error term ||lw — w||;!




An example with a wine quality dataset$: white wine (4898) vs red wine (1599)

H
WCP }—-—1 }_|_<

0.8 0.9 0 1 2
coverage rate average width

|

§Cortez et al. (2009), https://archive.ics.uci.edu/dataset/186/wine+quality.


https://archive.ics.uci.edu/dataset/186/wine+quality

DISTRIBUTIONALLY ROBUST LEARNING (DRL)!

Worst-case control: choose (3

E ptest [Rﬁ(X)] < sup EQ/ [Rg(X)] <« if PtESt € Q (DRL)
QeQ

tEl Ghaoui and Lebret (1997); Ben-Tal and Nemirovski (1998); Lam (2016); Duchi and Namkoong (2019);
Blanchet et al. (2019)



DISTRIBUTIONALLY ROBUST LEARNING (DRL)!

Worst-case control: choose 3

[E ptest [RB(X)] < sup Eq [Re(X)] <« if Pt ¢ Q (DRL)
QeQ

Too conservative/pessimistic!

tEl Ghaoui and Lebret (1997); Ben-Tal and Nemirovski (1998); Lam (2016); Duchi and Namkoong (2019);
Blanchet et al. (2019)



DRL ()

0.8 0.9 1.0 0
coverage rate

p~ Dxu (P || P)

average width



A middle ground?

Misspecification of reweighting methods VS Overly pessimism of (DRL)




A middle ground?

Misspecification of reweighting methods VS Overly pessimism of (DRL)




A middle ground?

Misspecification of reweighting methods VS Overly pessimism of (DRL)

test

Fitted density ratio @ vs dl;P proxy: an illustrative example with a wine quality dataset

KDE-based log-density ratio

-5 0 5 10
Classification-based log-density ratio

» Biased but exhibits an approximately isotonic trend

» Under(Over)-represented regions in P'' are re-
vealed by the under(over)-represented regions in P

» Use the side information to construct an additional
cone constraint

Q° = () : dQ'/dP is isotonic in @}



oM
WCP | .I *

DRL (p) )l | .
iso-DRL (p) }—.—{ }l{
8 0.9 1.0

0
coverage rate average width

p~ D (P || P)



1ISO-DRL UNDER GENERAL PARTIAL ORDERS

» Under any fixed partial order < on X C R?

Q% ={Q': dQ'/dP is isotonic under <}



1ISO-DRL UNDER GENERAL PARTIAL ORDERS

» Under any fixed partial order < on X C R?
Q% ={Q': dQ'/dP is isotonic under <}

» iso-DRL chooses 3 such that

sup Eg[Rg(X)] <a (iso-DRL)
Qeonge




1ISO-DRL UNDER GENERAL PARTIAL ORDERS

[ How to solve the cone-constrained optimization problem (iso-DRL)?




1ISO-DRL UNDER GENERAL PARTIAL ORDERS

How to solve the cone-constrained optimization problem (iso-DRL)?

» At the population level: a cone-constrained optimization problem in function space?

» With a finite sample: efficient computation? consistent estimate?



1ISO-DRL UNDER GENERAL PARTIAL ORDERS

[ How to solve the cone-constrained optimization problem (iso-DRL)?

» At the population level: a cone-constrained optimization problem in function space?

» With a finite sample: efficient computation? consistent estimate?

Improvements over DRL?



AN EQUIVALENT FORMULATION

Gui et al, 2024 (Theorem 3.1)

Under regularity conditions on Q, it holds that

sup  Eq [R3(X)] = sup Eq [REO(X)] (Equiv)
QEQNQX° QeQ

RSO(X) = argmin /(a - Rg)2 dP

iso
a€Cy

CZ° = cone of isotonic functions under <



AN EQUIVALENT FORMULATION

Gui et al, 2024 (Theorem 3.1)

Under regularity conditions on Q, it holds that

sup  Eq [R3(X)] = sup Eq [REO(X)] (Equiv)
QEQNQX° QeQ

» Examples of O
> T'-marginal selection model in sensitivity analysis (Rosenbaum, 1987; Tan, 2006)

Q= {Q :Th< %(X) < T almost surely} (T-MS)

> f-divergence constrained distribution shift (Ben-Tal and Nemirovski, 1998; El Ghaoui
and Lebret, 1997; Duchi and Namkoong, 2019)

Q={Q: Dy(Q| P)<p} (f-Div)



AN EQUIVALENT FORMULATION

Gui et al, 2024 (Theorem 3.1)

Under regularity conditions on Q, it holds that

sup Eqg [Rp(X)] = sup Eq [R};SO(X)] (Equiv)
QeEQNQEe QeQ

» Examples of Q
> T'-marginal selection model in sensitivity analysis

> f-divergence constrained distribution shift

» Two sources of computational costs are separated:



AN EQUIVALENT FORMULATION

Gui et al, 2024 (Theorem 3.1)

Under regularity conditions on Q, it holds that

sup Eqg [Rp(X)] = sup Eq [R};SO(X)] (Equiv)
QeEQNQEe QeQ

» Examples of Q
> T'-marginal selection model in sensitivity analysis

> f-divergence constrained distribution shift

» Two sources of computational costs are separated:
» Q — computational cost in solving (DRL) with R}5°



AN EQUIVALENT FORMULATION

Gui et al, 2024 (Theorem 3.1)

Under regularity conditions on Q, it holds that

sup Eqg [Rp(X)] = sup Eq [R};SO(X)] (Equiv)
QeEQNQEe QeQ

» Examples of Q
> T'-marginal selection model in sensitivity analysis

> f-divergence constrained distribution shift

» Two sources of computational costs are separated:
» Q — computational cost in solving (DRL) with R}5°

> Qi_z" — isotonic projection of R



AN EQUIVALENT FORMULATION

Gui et al, 2024 (Theorem 3.1)

Under regularity conditions on Q, it holds that

sup Eqg [Rp(X)] = sup Eq [R};SO(X)] (Equiv)
QeEQNQEe QeQ

» Examples of Q
> T'-marginal selection model in sensitivity analysis

> f-divergence constrained distribution shift

» Two sources of computational costs are separated:
» Q — computational cost in solving (DRL) with R}5°

> Qi_z" — isotonic projection of R

» (Equiv) holds at both population and sample levels: reference measure can be P or ﬁn



AN EQUIVALENT FORMULATION

Gui et al, 2024 (Theorem 3.1)

Under regularity conditions on Q, it holds that

sup Eg [Rg(X)] = sup Eq [R};SO(X)] (Equiv)
QEQNQ’ Q€eQ

[ Shape constraints protect against “nonsmooth” or adversarial distribution shifts ]




FINITE-SAMPLE ESTIMATE

A™(R; Q)= sup Eq[Rs(X)|= sup Epw(X)- Rs(X)]
Qeongir w4 PEQNQIS®



FINITE-SAMPLE ESTIMATE

A(R; Q)= sup Eq[Rg(X)l=  sup  Ep[w(X): Rg(X)]
QeonQr wy PEQNQ®



FINITE-SAMPLE ESTIMATE

A (R; Q)= sup  Eq [Rs(X)] = sup Ep [w(X) - Rg(X)]
QeQnQie wy PEQNQE

I

A(Q)=  sup Ep [w(X) ra(X)]
w4 PEQNQIP

(Equiv) sup Ep [w(X) ?‘E‘O(X)]
w#PEQ




FINITE-SAMPLE ESTIMATE

A (R; Q)= sup  Eq [Rs(X)] = sup  Ep [w(X) - Re(X)]
QeQnQi wy PEQNQE

ﬁiso(g) _ sup Eﬁ7 [’U.)(X) : TB(X)]
Wy PEQNQI 1] o0 <O
LY s Ep [w(X) 7))
wx PEQ,||wloo <02




FINITE-SAMPLE ESTIMATE

ﬁiso(g) _ sup
wy PEQNQRC, |lw|| o <O
o
(Equiv) sup Es [

wx PEQ, w0 <Q

Ep, [w(X) - r5(X)]

» rg(X) is a noisy observation of Rg(X)

>

~iso

s

(X) is the isotonic projection of rz(X) w.r.t.

P,




FINITE-SAMPLE ESTIMATE

Gui et al, 2024 (Theorem 4.4, informal)

For both (I'-MS) and (f-Div) with adequately large 2,

logn

Ao(R; Q) - ﬁi”(Q)\ < R (C5%) +

n




FINITE-SAMPLE ESTIMATE

Gui et al, 2024 (Theorem 4.4, informal)

For both (I'-MS) and (f-Div) with adequately large 2,

logn

Ao(R; Q) - ﬁi”(Q)\ < R (C5%) +

n

Bounding the Rademacher complexity
» d =1 (Chatterjee and Lafferty, 2019)

Ra(CE%) Sn™ '/
» d > 2 with componentwise order, i.e. x < z iff z; < z; for all ¢ € [d] (Han et al., 2019)

Rn (Cﬁ?(z) S nt/d



EMPIRICAL PERFORMANCE

Wine quality data set with varying p
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NUMERICAL SIMULATIONS

» Conditional distribution
Y| X ~N (XTB+sin(X;) +0.2X3,1)
» Marginal distributions

training distribution P: X ~ N(04,1,),
test distribution Pt X ~ N(p,Ig+¢-9Q),

» d=5Q=11",and p = (2/Vd)-(1,---,1)T

» (¢ = 0: well-specified @ via logistic regression; ¢ > 0: misspecified W



VARYING SPLITTING RATIO 1. WELL-SPECIFIED DENSITY RATIO

Estimated density ratio w via logistic regression using n x 100% data
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(a) Dk, (Ptest||P) versus npre

(b) Comparison with varying npre

Results with well-specified density ratio (¢ = 0)¥
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VARYING SPLITTING RATIO 7. MISSPECIFIED DENSITY RATIO
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Results with misspecified density ratio ({ = 1)



SUMMARY

» Distribution shift can harm the validity of statistical inference

» By incorporating shape constraints, (iso-DRL) offers one way to balance the
misspecification of reweighting methods and the pessimism of DRL

Thank you!



CONDITION ON O

» Change of “variable”
QeQ ifandonlyif wgPeB

cuxT

» Convex ordering ( < ): for two distributions @ and P,

cvx

Q < P ifandonlyif Eg[¢(X)] <Ep[pp(X)] for any convex function ¢

Condition (Closedness under convex ordering)

The set B is closed under convex ordering such that

if Q" € B, then Q € B for any Q C:f Q' (conditions)




A DETOUR: CONFORMAL PREDICTION

» Any distribution Py y (completely unknown)
» {(X;,Y:)}i<nt1 ~ Px y are exchangeable with unobserved Y, 1

Finite-sample validity

Construct marginal confidence intervals any - € (0, 1)

P(Yn+1 € Cl—a(Xn-i-l)) > l-a




SPLIT CONFORMAL PREDICTION

» Split dataset into a training set and a calibration set Deaiir, = {(X;, Yi) }i<n
» Prefit i : X — Y on the training set => nonconformity score R(z,y)



SPLIT CONFORMAL PREDICTION

» Split dataset into a training set and a calibration set Deaiir, = {(X;, Yi) }i<n
» Prefit i : X — Y on the training set => nonconformity score R(z,y)
» Exchangeability of Db U {(Xnt1, Ynt1)}

1 n+1
(R(X71,+17 Yn,+1)){R(xi, yi)}ign-i-l) ] > rgiw)
i=1

Calculate the quantile

n+1 1
e = til —_— OR(z, y.) + ——0.
11—« Quan Uey o <n+ 1 ; R(zi,yi) + n+ 1 OO)
Construct the prediction interval

Ci—a(Xnt1) = {Z/ : R(Xnt1,y) < q1—a}



TWO INGREDIENTS OF CONFORMAL PREDICTION

» Exchangeable data {(X;,Y:)}i<nt1

» Symmetric algorithm A (not required in split conformal prediction)



TWO INGREDIENTS OF CONFORMAL PREDICTION

» Exchangeable data {(X;,Y;)}i<n+1
» Symmetric algorithm A (not required in split conformal prediction)

Question: What if {(X;,Y;)}i<n+1 are not exchangeable? How can we fix this?




CP UNDER WEIGHTED EXCHANGEABILITY

» Weighted exchangeability
Definition ( )

Random variables {V;};<,+1 are said to be weighted exchangeable with weight functions
{w; }i<n+1 if the joint density can be factorized by

for, -, vng) { IT w Uz} g1, Uny1)

i<n+1

where g is any function that does not depend on the ordering of its inputs.




CP UNDER WEIGHTED EXCHANGEABILITY

» If {Z; = (X;,Y:) }i<ny1 are weighted exchangeable with weight functions w;

{rZ0)

{R(Zi)}ign—i-l} ~ Z Pi( 21, Zny1)0R(z:)

i<n+1

where p;'s are standardized weights

pw (21 p 1) o Za:a(n+1):i HanJrl Wi (ZU(j))
i y Ty An+ - )
Yo ngn+1 w;(24(5))




CP UNDER WEIGHTED EXCHANGEABILITY

» If {Z; = (X;,Y:) }i<ny1 are weighted exchangeable with weight functions w;

{rZ0)

{R(Zi)}ign-i-l} ~ Z Pi( 21, Zny1)0R(z:)

i<n+1

where p;'s are standardized weights

. . . Wil Zgo(4
p}u(Zl’.” ,Zn+1) _ Zma(n#»l)_z H]Sn+1 ]( U(J))’ i = 17 7n+ 1

Yo ngn+1 w;(24(5))

» Construct the prediction interval
CroaXur1) = {y €Y : R(Xus1,y) < a0}
with the threshold

¢i_o = Quantile, _, (Z Pi OR(zZ:) +p7fL+15OO>

i<n
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